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Abstract

This paper is for mixed Fourier—Jacobi approximation and its applications to numerical solutions of semi-
periodic singular problems, semi-periodic problems on unbounded domains and axisymmetric domains,
and exterior problems. The stability and convergence of proposed spectral schemes are proved. Numerical
results demonstrate the efficiency of this new approach.
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1. Introduction

In this paper, we investigate the mixed Fourier—Jacobi spectral method and its applications.
This work is motivated by several facts. Firstly we need to solve semi-periodic problems numer-
ically when we study the boundary layer, the flow past a suddenly heated vertical plate and other
related problems, see [9,11,12]. We usually use the Fourier spectral-finite difference method, the
Fourier spectral-finite element method, and the mixed Fourier—Legendre and Fourier—Chebyshev
spectral methods, see [2,5,8-10,12]. However in many cases, we have to consider semi-periodic
singular problems. In this case, it is natural to use the Jacobi approximation developed in [3,4,6],
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in the non-periodic directions. The second motivation is numerical simulation of semi-periodic
problems on unbounded domains. We may impose certain artificial boundary conditions in the
non-periodic directions. However, it causes additional errors. In particular, it is difficult to ap-
ply this trick to nonlinear problems. Some authors developed the mixed Fourier—-Laguerre and
Fourier—Hermite spectral methods. But both of them require quadratures over unbounded do-
mains. In fact, we could reform such problems and then use the mixed Fourier-Jacobi spectral
method for the resulting ones. Finally, the mixed Fourier—Jacobi spectral method is also moti-
vated by some problems on axisymmetric domains, see [1], and exterior problems.

This paper is organized as follows. In the next section, we recall some basic results on
one-dimensional Jacobi approximation. In Section 3, we establish some results on the mixed
Fourier—Jacobi approximation which play important roles in the analysis of mixed Fourier—Jacobi
spectral method. Section 4 is for some applications. We first consider a linear model problem, and
then deal with the nonlinear Klein—Gordon equation. The stability and convergence of proposed
schemes are proved. Some other applications are discussed. We also present some numerice
results showing the high accuracy of this new approach.

2. Preliminaries

Let A =(—1,1) and x (x) be a certain weight function in the usual sense. Far A < oo,
LQ(A) = {v | v is measurable anlﬁ)lly; < oo}, with the norm

1
ol » — | UaW@Px@ )" 1<p <o,
Ly esssup 4 [v(x)], p = 0Q.

In particular, we denote by, v), and|v|, the inner product and the norm of spab%(/\).
Furthermore, for non-negative integer H,'(A) = {v | [[vllm,, < oo}, equipped with the semi-
norm vl , = 187 vll,,, and the normiv|lu. , = Cip |U|]€»X)l/2' For any real > 0, we define
the spacefi; (A) by the space interpolatiorHaX(A) is the closure inf,; (A) of the set of all
infinitely differentiable functions with compact support.inh We omitr for r = 0 and omity
for x =1, in the notations.

We denote by/,(""ﬂ)(x) the Jacobi polynomials of degréd_et x @A) (x) = (1—x)*(1+x)?,
a, B > —1. The set of Jacobi polynomials is ar?((a,ﬁ) (A)-orthogonal system.

For any positive integed, Py (A) stands for the set of all algebraic polynomials of degree
at mostM. Further,oPy (A) = {v | v € Py (A), v(=1) = 0} and P, (A) = {v | v € Pu(A),
v(—1) = v(1) = 0}. We shall use two inverse inequalities ), (A), stated below. They are
proved in [4]. In the sequel; denotes a generic positive constant independent of any function
andM.

Lemma2.1. Forany ¢ € Py(A)and1< p < g < oo,

Iele, 4 <eMo@PAP=VDg)
x'%

cep

where o (e, f) = 2maxa, p) + 2 if maxa, B) > —31, and o (e, f) = 1 otherwise.

Lemma 2.2. For any ¢ € Py (A) andr > 0,

2r
1611, om0 4 < MZ Bl p 4
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If, in addition, «, 8 > r — 1, then

161, w4 <M I yarin -

We shall use also several orthogonal projections in the next section. For technical reasons, we
define the non-uniformly weighted Sobolev spaft’xqa,ﬁ) 4 (A). Forany integer > 0,

Hrw) A= {v|vis measurable anfbl|, s 4 4 < o0},

equipped with the following semi-norm and norm:

, 1/2
2
Wl gemr, a0 = 1050 wrnpin g IVl yem a0 = (Z |v|k,x(a.,3),A,A> .
k=0

For any real number > 0, we define the spacH’(a 8 A(A) by space interpolation. Further, let

’ . (A)={v]|ove Hr(a 8 A(A)} with the semi-normvl, , s , 4 = [0xVl,_1 y@p a2

and the nomﬂvllr,xw B) x, A = ||8xv||r_1,x(a,/3),A,A-
Let (u,v),@p 4 be the inner product of the spad.'éx(a_ﬁ) (A). The orthogonal projection

Prapa: Li(mﬂ) (A) = Py (A) is defined by
(PM,a.p,AV =V, @) y@p 4 =0, Vo ePy(A).
We have the following basic result, see [4, p. 387].

Lemma 2.3. For anyveH’ (A) andinteger r > 0

(@.p) A
| PMap. a0 = Vs g <M 0], ywp 4 a-
Next, we takax B,y,8 > —1 and introduce the spacét‘:m”/3 5(A), 0< u <L Foru=0,
a,ﬂ,y,g(A) X(y,,s) (A). Foru=1,

Hy g 5(A)={v|vis measurable angb|1,¢4.y.6.4 < 00}
equipped with the following semi-norm and norm:
1/2
Wlrapysa=100lem a0 Ilapysa=08gpy5a+ 101205 )%
ForO< u <1, the space({‘féfm’a(A) is defined by space interpolation. In particular,
Hy g, s(0)={v|veHy,, ;(A)andv(-1) =0}.
Let
g, B,y,s (U, V) = (Oxut, 0xV) y@p 4 + (U, V), 0.5 4
inetin®l .l ; :
The orthogonal projectio®y; , 5 ., 5 4 : Hy g, 5(A) = Pu(A) is defined by
aa,ﬂ,%ﬁ(Pz\lf,a,ﬂ,y,a,AU —v,9)=0, V¢ePy(A).
The orthogonal projection Py, , 5 s 4: 0Hy 4., 5(A) = oPu(A) is defined by

aa,ﬁ,y,B(OpﬁlxI,a,ﬂ,y,a,AU —v,¢)=0, Ve oPu(A).
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The orthogonal projectloﬂ’ﬁl& poa By wp (A) —> 73 (A) is defined by

51,0
(0 (Pyj oy p.a¥ — V)5 axqs)xm‘ﬁ,’A =0, V¢ePYA).
We shall use the following results, see [7].

Lemma24.lfa<y+2and B < 8+2thenforanyveH’w) (A)andinteger r > 1

1 1—
” Pit apy.s, AV — v”la B8, A ScM r|”|r,x(‘*’f”,*,/\'
If, inaddition,a <y +1,8<é+ 1 thenfor O< u <1,

”PM,OZ,ﬂ,)/,S‘AU ||,uaﬁy6A gCM r|v|r,x("*ﬁ),*,A'

Lemma25.fa<y+1,8<5+2,0<a<l,B<lora<y+2 B8<0,8>0,thenforany
veoH ﬂyB(A)ﬂHW) (A) andinteger r > 1,

HOPMaﬂMA”_U”m,sya A <Mt "ol @b s a-
If, inaddition, 8 <38 + 1, thenfor 0< u < 1,

” OPM,D[,ﬂ,]/,(S,Av - U”M’a’ﬁ’V’&A < CM 7rlv|r,x(°"ﬁ),*,A‘
Lemma26.If —1<a, B <1, thenfor any v e H&xw-ﬂ) (MNH ., (Aandr>1

” aﬁAv leX(a,mAéch‘ﬂw @B 4 A-
If, inaddition, -1 <a, 8<00r0<qa,B <1, thenforall 0< nu <1,

| 25 aﬁAv V], wn g SEM 0L @ g g

3. Mixed Fourier—Jacobi approximation

In this section, we study the mixed Fourier—-Jacobi approximationxlet(x1, x2), A1 =
x1]=-1<x1 <1}, Ao={x2|0<x2 <27} and 2 = Ay x Ay. Forr > 0, we define the
weighted space#l, (£2) and H{,X(.Q) in the usual way. For simplicity, we denote their semi-
norm and norm byv|., and [[v]l, ., respectively.||v||L;Xz denotes the norm oL')';(Q), 1<

p < oo. In addition, (u, v),,, denotes the inner product m; (£2) for integerr. We omitr or x
in the notations when=0 or y = 1, respectively.

Let M and N be any positive integers/y (A») is the set of all real-valued trigonometric
polynomials of degree at moat on Az. Vir. vy = Pu (A1) @ VN (A2), oVu.n = 0Pu(A1) ®
Vn(A2) and V,&N = 731?,1(/\1) ® Vn (A2). We first establish two inverse inequalitiesWiy .

Theorem 3.1. Forany ¢ € Vyy y and 2 < p < o0

1/2-1
I9lr, , <e(7OPN)E g )00,
o

Proof. Let

1 .
¢i(x1) = Z/cb(m,m)eﬂlxzdm. (3.1)
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Clearly¢; € Py (A1). By the orthogonality of trigonometric functions,

2 _ 2
19112 =27 Y N1l 4,

<N

The above with Lemma 2.1 leads to

1/2
1Bl < 3 Ndilloo.as < eM27TD 3 gyl 4, < c(MOTINY2 6] 000
<N <N

Accordingly

P (y,8) ar\P/2—1
||¢>||L:w) e ||¢||X(y3) c(MOTON)P ||¢||X(y,s> O

We now establish another inverse inequality. betg; > —1,i = 1,2, and x @A (x) =
x @BV (x1), x @282 (x) = x @282 (x1). Further, lete = (a1, 2), B = (1, B2), and

H;(Ztﬁ) (£2)= L2(A2; H;(‘Ylvffl) (Al)) NH’ (Az; Li(azﬁz) (Al))

with the norm

1/2
it = (e Va2 )

Theorem 3.2. Forany ¢ € Vyy y and r, s >0
i@l < e(MZ + NIl o)
e
where n1 = min(ay, az) and n2 = min(B1, B2). If, in addition, a1, B1 > r — 1, then
Iplprs, < c(M"+ N°)lIgll  er.0,
e
where 61 = min(ay — r, a2) and 2 = min(By — r, B2).
Proof. Let¢;(x1) be the same as in (3.1). By Lemma 2.2, for any intege£s.0< r,
4
|| x1¢||X(011 A — =2n Z || ax1¢l ||X(at1 A1) Al cM " Z ||¢l|| (ozl B1) A1
<N <N
<M -

Similarly, for any integers & v <s, ||a;2¢||)2((a2ﬁ2) < ceN? ||¢>||)2((,]1,n2). The previous statements

with space interpolation lead to the first result. We next prove the second result. Ruestio>
r — 1, we use Lemma 2.2 to obtain that for integek O,

2,
102612 wrpp <M 3 linll? 2 rrinn gy SCMPNG1 0y
[|<N

The rest part of the proof is cleard

We now turn to some orthogonal projections. To do this, we introduce the space

H'ow () =LAz HY ) ,(AD) N H' (A2 L2, 5)(AD), 15 20,

x99 A
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with the norm

) 1/2
“U“H’(V 3) (“U”IAZ(AZ;H;(%S).A(Al)) + ” ”HY(AZ LZ o (Al))) .

Denote byH” v 4(82) the subspace ofi”; A(2), consisting of functions whose deriva-

tives of order up to — 1 has the periods2 for the variablex,. Throughout this paper, all spaces
with the subscripp have the similar meamngs.

The orthogonal projectio®y v .5 : Lp () (£2) — Vi y is defined by

(PuN,ysv —0,0) 0 =0, VpeVyn.

Theorem 3.3. For anyveH (£2) andintegersr, s > 0,

X9 A

| Pr,N,y 50 — vl (y6><C(M +N™ )||U||H”

Proof. Let

1 .
v1(X1)=E/v(x1,xz)e_”x2 dxz, (3.2)
Az

and Py 5,4, be theLz(y 5 (A1)-orthogonal projection as defined in Section 2. Clearly,

il
PM,N,)/,(SU(X) = E (PM,y,S,Alvl(xl))el 2,
<N

By Lemma 2.3 and the result on the Fourier approximation,

2
1Pm.Ny.50 =Vl )
=27 Y WPuysavi—villos 4 27 > il
V50,41 X9 Aq x99 Aq
[IISN [I|>N

<eM™% +cN~%|v|? O

2
Ilv “Lz(/\z;H;(y_(g)’A(Al)) HY (AzL2 5 (AD)’

In many cases, the coefficients of differential equations degenerate in different ways. Thus we
need to consider the related orthogonal projections in certain non-uniformly weighted Sobolev
spaces. For this purpose, Iﬁf’ﬂ,y’a(ﬂ) = L)Z((M) (£2), and define

Hy g, 5(2) = {v | vis measurable of2 and||v]|1ag.y.5 < o}

equipped with the following semi-norm and norm:

2 2 1/2
|U|1,a,ﬁ,y,8 = (||3x1vllx<a1,ﬂ1) + ||8X2v||x(a2.ﬂ2)) ,

2 2 1/2
||U||1,a,ﬁ,y,8 = (|U|1,a,ﬁ,y,3 + ||U||X(y,5)) .

For 0< u <1, the spaceH “ 1.5(82) is defined by space interpolation. In particular,
ﬂ M(Q) ={v|ve H B J,5(9) andv(—1, xp) = 0 for xz € Az}, andH&aﬂ y6(82) ={v|

Ve H o py.s(82) andv(—1, x2) = v(1, x2) =0 for xo € A2}. The spacaHla Boys(82) is defined
as before.
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Now, let
aa,ﬁ,yﬁ(“» V) = (8x1u7 axlv)x(otl»ﬁl) + (axzua axzv)xmz,ﬁz) + (u, U)X(V«S) .

The orthogonal projectiorii’ﬂll,N’WWS : Hl}’a’ﬁ’%&(ﬂ) — Vi, n is defined by

aa,,g,y,,;(P}M,a,ﬂ,y,av —v,¢)=0, VéeVyn.

The orthogonal projectiomPAjN’a,ﬂ’y,g : OH;,a,,s,y,a(Q) — oV is defined by

aa,ﬂ,yﬁ(OpAl/I,N,a,ﬂ,y,av -U ¢) =0, VpeoVun.
The orthogonal projectiofty; % , 4 s HEy 5, s(@)NHE, o ((2) — V)  is defined by

(axl(ﬁﬁl/i,()N,a,ﬂ,y,SU - v)’ 8Xl(p)x("‘lvﬂl) + (BXZ(PIb?N,a,B,y,Bv - U)’ 8X2¢)X<t¥21/32) =0,

Vo e Vi y

For description of approximation results, we define the non-isotropic space
J8, 2 . gr
M0, 5(82) = L*(Az; H;

LAD)NHY (A2 HIETS2 (A1)

(@181 x@1AD)

N H‘Yil(AZ; Ho:ll-l,ﬂl,y,a(Al)) N HS (A27 L)Z((ozz.ﬁz)(Al))’

wherer,s > 1,0 =1 or 2. Its norm||v||Mm/%a s is defined in the usual way. The meaning of
o,.p.y,

M;i;f’ﬁ’%&((z) is clear. One of the main results in this section is stated below.

Theorem 3.4. If
a1 <y +o, B1<8+0, y<an §< B2, o=1o0r2, (3.3)
thenfor any v e M".%  5(§2) andintegersr, s > 1,
1 1- 1
| Pit N oy sV — v”l’a’ﬂw <c(MY™+N ‘)||u||M;.j9.¢M. (3.4)

If, in addition, 0 = 1, thenfor all 0 < u < 1,

I PAlxz,N,a,ﬁ,y,av - v”ﬂ,a,ﬂ,y,S

<e(MYT N (M +N7F)(1+ M*lN))1*“||v||M,_;1 ;- (3.5)
By,

Proof. Let v;(x1) be the same as in (3.2), amﬁl,al,ﬁl,y,é,m be theHall,ﬂl’y’s(Al)-orthogonal
projection as defined in Section 2. Set

vi(x) = Z (PA];I,al,ﬂl,y,S,Alvl(xl))eilxz €eVu.n.
NN
By the projection theorem, (3.3), Lemma 2.4 and the result on the Fourier approximation, we
obtainthatforo =2,r > 1 (oro =1,r > 2)ands > 1,
1 2
I P Napy,sV v”l,a,ﬁ,y,a

H 2 * 2
= inf —v <|v*—v
R PP UL
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2 2
Sc Z (” PAJ;I,al,ﬂl,y,S,Alvl —u ||1,(x1,/51,y,5,/11 + 12” Pﬂll,al,ﬂl,y,(s,/\]_vl —u ”X(V"S),Al)
lII<N

2 20 12
+c Z (||U1||1,a1,,31,y,5,A1 +1 ”Ul”)((’lzﬁz),/ll)
=N

2-2r 2 2
<cM v +llv -
< (I ”LZ(AZ;H;(al_ﬂl)’*(Al)) I ||H1(A2;H;g’lv§l)_*(m>))

2—2s 2 2
cN v|l7,, v|l%,,
+ (I ”HH(Az;H;l,m,(;(Al)) Hlvly, (Az:L2

2.b9) (4

<c M17r+N17s2 v 2r.s,<7 .
( )7l ”Ma;ﬂ_y,s
If r=1,0 =1 ands > 1, then we obtain from the projection theorem that

1 2 2 2
|Pitncprsv = vliapys S IILapys Sclvlise .
We now use an duality argument to prove (3.5) with- 1 andu = 0. Let

2
ala,B,y,8 (U, V) = (O U, Oxy V) @rpp) g, 17, V) @) 4+ (U, 0) 05 4y

1 1
Piy Ny s V) = Z v (xp)e’™2,
<N

It can be checked thaf' € Py (A1) anda; 4 ,y.5 (v — v, @) =0, V¢ € Ppr(A1). Thus we use
the above and (3.3) to verify that for agye Py, (A1),
2 2 2
” vl* —u ||l,a1,ﬂ1,y,5,/\1 +1 ” Ul* —u ||X(a2'ﬁ2),/\1
=aja,p,y.5(v] — v, v —v)
= a1,y (vf = v, ¢ —v) (16 = villf gy pyy5.a, NG = il2000 4,)-

Taking¢ = P}, v; and using Lemma 2.4 and (3.3), we deduce that

,01,B1,7,8, A1

2 2
“ v - ” Lot pry.d A T 12” v —u “X(azf‘z),Al

2-2r 2 2. 12
<cM (”Ul”r,x(otl,ﬁl)’*’/‘l +1 ||Ul||r+072’x(a1,ﬁl)’*’Al)~ (3.6)
Next, letg € Lfdw” (A1) and consider the following auxiliary problem:

1

Aoy, s(W,2) =(8,2) 05 2y YZ € Hy g, 5(A1). (3.7)
Takingz = w in (3.7), we verify that
w0y prys.a1 + PN eobn 4, <clglyon, a,- (3.8)

Now letw(x1) vary inD(A1), and so by (3.7), in the sense of distributions,
— 3y (O w(xD) x “PY (x1)) = (g(x2) — w(xD) x VP (x1) — Pw(x) x 2P (x1).  (3.9)

As in the proof of Theorem 2.5 of [4], we can show thiafw(1)x @+A0 (1) = 8, w(—1) x
x @AV (—1) = 0. Moreover, we obtain from (3.9) that

—92 wxp) = —((o1 + Bo)x1 + (@1 — BD) (1 — x3) o w(x1)
+ (g(x) — wrD) ¢ YLD (x1) — Pw(xg) x 2 70F27FD (x1). (3.10)
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We now estimate 92, w (1 — x2) 2| sy 4, - Let A(ll) =1[0, 1) and A(lz) =(—1,0). It can be
verified that]| 92 w(x1) (1 — xf)l/zui(ulﬂl) 4, S D1+ D2 where

2
D1 = Di(A7") + Da(477),

D1(AY") = 8(ef + 57) / (Orw) @A Dy duy, j=1.2

A&/)
2 _ _
D=2 / (g(ry) — w(xy))“x @ et =AD (x1) dxy
Ag
Py / w(xy) y P2+ L282=P1D) ()

Ag
Dueto (3.3)and =1, a1 <min(y + 1, a2+ 1) andBy < min(§ + 1, B2 + 1). So by (3.8),

D2l <c(lg = wlZom 4y T N1 wnp 4 ) Slglion 4,
Next, integrating (3.9) and inserting the result iIﬂQ(A(ll)), we obtain that for = 1,

D1(4y”)

1 2

=c f xCerto Ay (Xl)( / (e —w)x P (1) = Pw(y) x “>F2) (y)) dy) dx1

AP x1
1 L 1 2
< c/(l —x)Y (1_—)61 /((g(y) —w)x "D () — Pw(y) x@2F? (y))dy) dx1.
0 X1
By the Hardy inequality, for any measurable functibix1), real numbera < b andd < 1,
b b b

2
/ (i / o (y) dy) (b —xp) dxy < —— / ®2(x1)(b — x1) dx1. (3.11)
b—xq1 1-d

a

Lettinga=—1,b=1andd = —y in (3.11), we use (3.3) and (3.8) to derive that

x1

1 2 _
Di(4Y") <c / (80rD) — w(xp) x7?) (xy) dxy +1* / w? () x #2722 (x1) dxy
Ag_l) Ag_l)
2
< C”g”X(M)»AI
A similar estimate is valid 0m<12) for o = 1. A combination of the previous statements leads to

that fory < ap,8 < B2 ando =1,

1/2”

2 2
Wy yersn o ay = 85w (L= x) 7| s 4, Sclgllyms a,- (3.12)

Now, we takez = v — v; in (3.7), and use (3.3), (3.12) and the second result of Lemma 2.4 to
obtain that foro =1 and|/| < N,
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(v — Ulvg)x(y,s>,A1|
= |al,a,ﬁ,y»6(vl* -, w)] = |al o,B.y, 8(”1* -, Pﬁl/l,al,ﬂl,y,é,Alw - w)]

2 1/2
< (” v —u Hl,al,ﬁl,y,(S,Al 12” v - ”sz ) Al) !

2 1/2
< (| PAl/I,al,ﬂl,y,S,Alw - w”lal Brys.Ay T 2 PM,al,ﬂl»V,&Alw B w”x(V*‘”,Al) /
gCM_ (|U[| +l |Ul|r 1X(ot1 B % Al)l/z
)1/2

rx @1 B %, Ag

2
(|w|2X(a1ﬁ1) *, A1 +1°M~ |w|2X(a1ﬁ1) *, A1
1 1/2
(1+ M- N)(|vl|r x @AY 5, Aq +l |vl|r 1,x@1AD Al) ”g”X(y“s)a/\l'
Consequently,
v = villy o9 4,

(V) — Vi, 8) 49 a4l

= sup
gELi(y,zS) (A1) ”g”X(yﬁ)’Al

§#0

<M~ (1+ M7IN) (Jull?

1/2
o @LAD 4 Ag )7 (3.13)

2 2
+l ”Ul ”r—l,)((al'ﬁl),*,Al

Therefore,

”P/lw,N,a,/a,y,av ””X(m

:27'[( Z ||U1*—Ul ||)2((V*5),A1+ Z ”Ul”)z((y,a))/‘l)

1IN l|>N

—2r —1,7)\2 2 2 2
<M 20t MINE Y (112 oy gy + 200002 s n)
<N

— — —5\2 — 2
+eNT2 Y PNl 4, <M HNT)(L+MTIN) IR,
l[|>N whrs

The result (3.5) with G u < 1 comes from the previous results and space interpolation.
By using Lemmas 2.5 and 2.6, we can prove the following results.

Theorem 35. Let y <apand § < Bo. far <y +1, B1<86+2,0<a1 <1, B1 <1 o0r
a1 <y+2,p1<0,6 >0, thenforanyv € oH, Ma(Q)OMNZﬁM(Q) andintegersr,s > 1,

0PN .aprs? = Pl sapys <M+ N 0lyez

If, inaddition, 81 <8 + 1, thenfor all 0 < u < 1,

H OPA%I,N,a,/S,y,(Sv - UH;/,,oz,ﬁ,y,S

(MY NY(M 4 NT) (L4 TN T ol
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Theorem 36. Let y <apand § < 2. If =1 < 1,81 < 1, thenfor any v Hoa By s8N
M;’j;,zﬁ’m(ﬂ) andintegersr,s > 1,

||PMN,a,ﬁ,y,av v”laﬁya\C(Ml T+ N S)”U”M'SZ
If, inaddition, a1, B1 <0or a1, 81 >0, thenforall 0 < u < 1,

H PM N,a, ﬁ |’M,a,ﬁ,y,8

(M 4 NP 4 N (L4 TN T ol

We now consider another orthogonal projection, which will be used for numerical solutions
of semi-periodic problems on unbounded domains.let(vg, v1, v2), v; > 0, and

=™

o B
(%.5 1

~ P1 21 Pl
a;,ﬁ’oio(us v) = Vl(X 2 )8)(1“, 8)51()(( 222 )U)) + VZ(X(az’ﬁZ)axzua 8)(2”) +vo(u, v).

Lemma3.l Letayr, 8o > -1 Ifar=81=2,v9>2v,0r a1 =2, B1 =0, vp > %Vly then for
any u, veH} aﬁoo(Q)

ay 5000, 0) = c I, 400 (3.14)
Ay 0,0, V) <cllullzepo0lvilLep.00. (3.15)

wherec(v) = min(vg — 2vy, v1, v) for vg > 2v1, and c(v) = min(vg — %vl, V1, v2) for vg > %vl.

Proof. Letv;(x1) be the same as in (3.2).df = g1 = 2, then integrating by parts yields that

(% Dogu 0, D)),
= 1000112y .y, = [ ¥2(1=23)0y (vf (x0)
A

2 2 2.2
= ||8X1vl||x(a1.ﬂl)’Al + ||Ul||A1 - 3fx1U1 (x1)dx1

A1
2 2
Z ||3xlvl||x(u1./sl),A1 - 2||vl||Al-
Thus
Ay 50,0V V)
3 CRY %3 20012 2

=21 ) (n(x 7 001, 00 (x 2 0)) 4+ v2lP Il gy, vollulG,)

11=0

o0

2 2 2 2

>21 ) (vl iy g, F 2200012 4, 0= 20001,

|1]=0

> min(vp — 2v1, v1, VZ)”U”ia’ﬁ’O,O- (3.16)
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The above implies the result (3.14) with > 2v;. If g = 2 andg; =0, then
o P o p1 2 1 2 2
(X( 22 )Bxlvl, 8xl(X( 2072 )vl))Al = ||axlvl||x(al‘ﬂl)’A1 - E”UIHAl + v (-1).

This fact leads to (3.14) withy > %vl. The proof of (3.15) is clear. O

The orthogonal projectio®’y, M.N.0..00" H;-,a,ﬂ,O,O(‘Q) — Vi, n is defined by

"U

1
Ay, OO(PM,N,a,ﬁ,O,OU - ¢’) =0, VoeVun.
The orthogonal projectiomf’ﬁll N..f.00" oH @b, 0.0(82) = oVm,n is defined by

a2 5.0,0(0Pu n.ap00? —v:$) =0, Vo€ oV
For description of approximation result, we introduce the space

My .00 = <A2; Hr(ﬂ_ﬁ) (Al)) NH (Az, H" all 5 (Al))
x 27270, P
NH (A2 Hy g 00(A1) N H (A Li(azyﬁz) (AD).

Its norm|jv|| ;s is defined in the usual way.
«,B,0,0

Theorem 3.7. Let az, B2 > 0, and the conditions of Lemma 3.1 hold. Then for any v €

Mp)a 5. OO(Q) andintegersr,s > 1,

=000 SEMTTH NI )0l s

Proof. Letv;(x1) be the same as before, and
vi(x) = Z (P1 vl(xl))e”xz.

M.%.% 004
<y R
Clearly,v* € Vi, . So by Lemma 3.1 and the definition 8f;  , 5 .0

~1 2
¢ Pizn.ap00v = 1000
<Y (131 _v. Pl —v)
X Ay, ,0,0\'M N800V — Vs Iy N o000 —V
_av 1 Al
= aoz,,B,O,O(PM,N,a,ﬁ,O,Ov —v,¢— U) < C” Pt N.a,,00V — v“l,a,ﬁ,0,0”¢ —VllLep.00-
Taking¢ = v* and using Lemma 2.4, we verify that foe> 2 ands > 1

. 2
I PAl/I,N,a,,B,O,Ov - U“l,a,ﬁ,O,O

1 2 21 pl 2
2O L PR TS LPRORER /)

<N
2 2 2
e ) (luley 004, + 1001 w0 4,)
>N
2-2r
<
cM (HUHLZ(AZ H’( h, (Al))+||v||Hl(A SH L (A1))>

LD, (D,

+eN?Z 2S(||v|| + )2 ) O

H "M (A2 HY 4 00(A1) HY (42312 ) ) (AD)
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In numerical analysis of the mixed Fourier—Jacobi spectral methods for nonlinear problems,
we have to estimate the norm’,@ N.ap.00vllLe

Theorem 3.8. If M = O(N), and the conditions of Theorem 3.7 hold, then for any v €
L2(Ay; Hl(+d (A1) N HY(Ap) andd > 1,
X 2

)k

51
| Pt v o0 e < c”””LZ(Az;H”jl g (ADNHY (A1)
(7 =

202

Proof. Let
(%1 i B1 A1

. By wu By
aj . p.0.00, V) = vi(x 72 8gu, 8, (x 202 )v))Al + ol (u, V) @z g, + V0, V) Ay

ﬁA];I,N,a,ﬁ,0,0v(x) = Z vf (x1)e'™2 € Py (Ar).
[IISN

By an argument as in the proof of Lemma 3.1, we assert that for ceitain- O,
' ,5.000s w) = V(11T 0y 51,004, + 2012 050 4, )-
|‘A’111a,/3,o,0(w’ 2)|

1/2( )1/2

2 2 2 2 2 2
< C(”wnl,al,ﬁl,O,O,Al +1 ||w||x(a2.ﬂ2>,Al) ||Z||1,a1,,31,0,0,A1 +1 ||Z||X(a2,ﬁ2)’Al)

Moreover,&l’a,ﬁ’o)o(vl — v/, ¢) =0forall ¢ € Py (A1). Hence

2 2
H v = vl* || 1,01,$1,0,0,41 + ZZHUI - vl* ”X(az'ﬁz),/\l
< c&l",a’ﬁyo’o(vl —vf, v — v}k) = c&l"’a’ﬂﬂo’o(vl —vf, v — q))
<c(lp = vl ey pr.00a; + 106 = vl pnp .)-

By taking¢ = P/lW LU and using Lemma 2.4, we deduce that|ipl N,
1

a1 B
4800,

2 2
o =7 Lay,$1,0,0,41 + 2 — vy ”x(‘*Z*’*ZXAl

SMZZ A+ N M)l oy gy (3.17)
rox 227 %A1

We now use (3.17) to derive the desired result. Dug to1 and the imbedding theorem,
07 0 e ay < Motz ay + o = villg 4,
<lvillzee,a;, + c(|vf = Pyo.0.a.v1 a4, T I1PM0040 — il %»Al)'
Moreover, by Lemmas 2.2, 2.3, (3.17) and the filcE O(N),

|vi = Pum,o.0.a, v d 4 < CMd(” v - HAl + 1 Py,0,0,4, 1 — Vil 4;)

<c(lul
1+d, x

On the other hand (see [2])Par,0,0, 4, v — || d A Lcllvll & 4, A combination of the previous
estimates implies that

+ lvrlla,a,)-

&%
20270 %,A1

k
[of e ay < (Ul g gy, Hlotlan)
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Finally, the above with the result on the Fourier approximation lead to

1Pat,Nap.0.000 0 <€ D 0] G 4, S cllvll?y Wy oty D
.

1IN .

Remark 3.1. Foray = 82 = 0, we can remove the conditio = O(N) in Theorem 3.6. Indeed,

in this casel|v —v|| 4, < M |y 1 b1 . So the conclusion follows as in the late part
rnx 227 %A1

of the proof of Theorem 3.8.

By using Lemmas 2.5, 3.1 and the same argument as in the proof of Theorem 3.7, we can
prove following result.

Theorem 3.9. Letay =2, 1 =0, 02 > 2, f2=0and vo > 3v1. Thenfor any v €o H} 500N
M, 500(82) andintegersr, s > 1,
pL 1— 1—
loPit.nap.00? = VlLapoo <M+ N7 ) vl .
4. Some applications

We first consider the following simple model problem,

— 8y (a1(0) 02, U (%)) — By (a2(0) 33, U (%)) 4+ ao(0)U (x) = f(x), x € 2. (4.1)
Assume that; (x) degenerate ds1| — 1, and

ao(x) =ao(x)x "V (), ar(x) =arx) T (x),

az(x) = a(x) x *2P? (x), (4.2)
with a; (x) € L*(£2), a; (x) > ~r(Tl]fn >0,i=0,1, 2. We look for solution of (4.1) such that

xllnllal(x)U(x)axlU(x) =0, Vxpe Ao. (4.3)

For anyu, v € H wpy 5(£2), let
Aa,ﬂ,y,S(u’ v) = (alaxlua axlv)x(al.ﬂl) + (523@“, axzv)x(az,ﬂz) + (aou, v)X(V-5)-

A weak formulation of (4.1) with (4.3) is to fint € H;’a,ﬂ’m(ﬂ) such that

AwpysU,v)=(f,v), Vve H a.py.s(82). (4.4)

By (4.2) and the Cauchy—Schwartz inequality, we find that forianye H p apys(82)s
|A.g.y.5 . v)| < (lasllze + llazllze + ol ) 1l 1.0.8.9.5 10 [ L.a..y.5- (4.5)
| Aoyt 10)] = min(agg. i, Gpin) 11 . 5 (4.6)
Therefore, if f € Li(—y,—a) (£2), then (4.4) has a unique solution such thidf]l1 4 ,y,s <
cllflly=r.-s.
Now, letuy, y € Vi, y be the approximation t&/, satisfying
Avgysumun. ) =(f.¢), YoeVyn. 4.7)

Due to (4.2), (4.7) is also unisolvent aftdy v 1.e.8.y.5 < cll fll ;-9



22 L.L. Wang, B.Y. Guo / J. Math. Anal. Appl. 315 (2006) 8-28

Theorem 4.1. Let U and u s,y bethe solutionsof (4.1)and (4.7), respectively. If (3.3)and (4.2)

hold, and U € M;% | 5(£2) withintegersr, s > 1and o = 1,2, then

U —umnllrepys < d(Ml_r + Nl_s) IIUllMg-;;ij,

where the constant d depends only on the norms ||a; ||z~, i =0, 1, 2.
Proof. LetUuy x = Py y o 5.y.sU- BY (4.5)~(4.7) and Theorem 3.4,

2
clumy —UmnlTapys < Aapys@mn —Unn, umn —UnN)
=Aup,ys(U—-Uyn,uy — Uy nN)
1- 1
<d(N;{"+ Ny™) ”U”MQ‘;"’M lupm,n — Um N0 B.y.8-

Thus using Theorem 3.4 again completes the proaf.

We next consider the nonlinear Klein—Gordon equation, which plays an important role in
guantum mechanics. L&2* = {y = (y1, y2) | —00 < y1 < 400, 0< y2 < 27}. The problem is
of the form
2V (y,0) = AV(y, )+ V3(y, N =F(y,1), (y,1)€R* x(0,T],
V(y,00=Vi(y.0), y € 2%
Assume that all functions in (4.8) have the period fr the variabley,, and V (y, t) satisfies
the following asymptotic boundary condition:

lim e 3, V(y1,y2,0) =0, a>0, V(y2,1) € A2 x [0, T]. (4.9)

|y1]—00
Let » > 0, which should be chosen suitably based on the value. 8/e make the following
variable transformation:
1+x1
1—x’

yi(x1) =bIn y2(x2) = x2. (4.10)

Furthermore,

U(x1, x2,1) = V(y1(x1), yo(x2), 1),  Ulx1, x2) = Va(y1(x1), y2(x2)),
Uo(x1, x2) = Vo(y1(x1), y2(x2)),  f(x1,x2,1) = F(y1(x), y2(x2), 7).
Then problem (4.8) with (4.9) becomes
32U (x, 1) — ﬁ(l—x%)axl((l—xf)axlU(x,t)) —RZU@. D+ U3, 1)= f(x,1),
(x,t) e 2 x (0, T],
lim g1 — x2)®+19, Ux, 1) =0, (x2,1) € A2 x [0, T],
oU(x,0)=U1(x), Ux,0 =Up(x), xe8f2.
We now derive a weak form of (4.11). Multiplying the second term of (4.11) vby

H;’a’ﬁ,oyo(.(z) N L;‘,(Q) and integrating the result by parts, we obtain the boundary term

(4.11)

1 . 2 2 1 . 2 2
BWU,v) = 12 Xllinil(l - xl) v(x)0y, U(x) — 02 Illill(l - xl) v(x)dx, U (x).

b b2 x
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Since v € L*(£2), we havev = o((1 — x2)~Y/4) as |x;] — 1. By the boundary condition

(4.3), B(U,v) = 0 for ab < 3. Next, letay = pr =2, ap = B2 =0, vo > %, vy = Elz and
v2 = 1. Then the weak formulation of (4.11) is to ikl e L>(0, T; L% (£2) N H;’a’ﬁ’oyo(sz)) N

W10, T; L2(£2)) such that
U (1) + U3(0), v) +ay 4 (U (1), v) = (U (1) + f(1), ),
Voe LY(R2)NHY 4 00(82), 1€(©,T], (4.12)
#UO0)=Ur, U(0) =Up.

Obviously the condition of Lemma 3.1 is fulfilled. So for suitaldle, Up and f, (4.12) has a
unique solution.
The mixed Fourier—Jacobi spectral scheme for (4.12) is toufypdy (1) € Vs v such that

(2up N (1) + uﬁ,,’N(l), @) +dy 5o om N, ¢) = oum,n(@)+ f(1), $),
VoeVyn, t€(OT],

(4.13)
dum,n(O) =up n1= Py no00U1,

upm N0 =um n,0= Pu,n,00Uo.

We now analyze the stability of scheme (4.13). Assume that theudatao, um v.1 and f
are disturbed byiy n.0, #m, y.1 @and f, respectively, which induce the error @f, , denoted
by iy, n. Then for allp € Vi v andr € (0, T,

(87, n (1) + i3y () + Go(t). ¢) + Y g (il (1), @) = (voiiw. v (1) + (1), §). (4.14)
with

Go(t) = 3ityy Oy () + Bty n (g y (),

0rtip,N(0) =tips N1, upm N(O)=ip N0
Let

B0 = 2 [iun 0%y oo+ 3 linn @]+ [ n o

4 @007 5 L

We takep = 20;i1r, y(¢) in (4.14). Thanks to Lemma 3.1 and the fact that

1 1
[2(Go). ritar )| < 5 line.v )1+ 5 [ n0)|*
2

+18([upr O, + [usrn O 2) | dviiae v @)
we obtain
WEGimn. 1) <dup N)EGiun, )+ ]| ft)

whered (uy, ) is a positive constant depending only oy v [l 1,71 (2))- Let

2

(4.15)

p(m N0, UM N1 fr1)
t
1. 2 1. 4 ~ 2 7 2
=Z||MM,N,0||1,O,,,3,Q0+§||MM,N,0||L4+||MM,N,1|| + | | f)|ds.
0

Integrating (4.15) with respect to we obtain the following result.
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Theorem 4.2. Let uy be the solution of (4.13) and i,y be its error induced by iy n o,
iiy,vaand f.1fab < 3, thenforall 0< 1 < T,
E(iipn,1) < pliin,0, in 1, fo1)ed@mnr,
We next deal with the convergence of the scheme (4.13). To obtain better error estimate, we
compare the numerical solutieny, vy with Uy n = P}w N..p.0 oU. By (4.12),

3

(O2Um.N () + Uy y (). 8) + 8y 5.00(Unn(@). )+ Y (G,(0). ¢)
j=1

= (vUuN®) + f().9)., Vo Vyn, t€(O,T], (4.16)
with
G1(1,9) = 97U M) — 0fUmN (), G2(t,$) = voUn,n (1) — voU (1),
Gs(t,¢) =U3(t) — Uy y(©).
Furthermore, let/; v = uy. v — Uy n. Then subtracting (4.16) from (4.13) gives that

(02Um.N (@) + Uy () + Go(t). ) + Y 4.0.0(Tn.n (). ¢)

3
= (wUun@®).¢)+> (Gj(t).9). VoeVyn. €Tl (4.17)
j=1

with
Go(t) =305 y(OUm.n (1) + 30m.n(OUE v (1),

2, P, Y,

Up.n(0) = Pys.v.0.0Uo — ﬁal,;,N,a,,g,o,oUo.

Comparing (4.14) with (4.17), we build up an error estimation similar to (4.15) uBut,
Upm.N» UmN,0, ty,N1 8Ndlupr Nl 7:L%(2)) In (4.15) are now replaced by, v, Unm. .
Uu,n(0), 3 Uy n(©0) and [[Up nllLeo,1;12)), respectively. Thus it remains to estimate
IG;ON, 18:Um.n O, 1Um nO)l1,0,800 and Uy n(0)| 4. Firstly, we have from Theo-
rem 3.7 that

1G] + ||G20) || = ||82Um N (1) — 37U @) ||
<c(MY N 83U(t>||,o,;-sﬂoo +|vo|

M;',Sﬁ.o,o)'
Next, by Remark 3.1, the imbedding theorem and Theorems 3.7 and 3.8, we get that for
|Gs0] <c(|umnx %+ VO [Unn ) = U]
. 1-r 1-s R
<eMO)(MYT + N @) HM;',%.o,o’
where

2 2
MU) = ogixr(”lj(t) ||L2(A2;H1+jl 0, (ApnHd (A T lum| H“’(.Q))'

X(_Z_'_Z_ Jk
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For simplicity, let integers,s > 1 and Z;’Sﬂ(ﬂ) = H;(_O,l(;)‘:l(.(z) N M;’,;’O’O(_Q). Its norm
||v||Zmﬁ is defined in the usual way. Then by Theorems 3.3 and 3.7,

2, P, Y,

Se(MY 4 NI |Uall gz,
Sincea1 = f1 =2 anda = B2 =0, we use Theorems 3.2, 3.3 and 3.7 to derive that
1008 O ;0 00 < 10ux @1+ [ 0w O < e + M2| Owv O
<M+ MM+ N=*) Vol oy

Moreover, by Theorems 3.1, 3.3 and 3.7,

1/4‘

108 O o < c(MPN)YH|Orr O] < c(MPNYYH (M + N7*) [ Uol Zash.

A combination of the previous estimates leads to the following result.

Theorem 4.3. Let U and u s,y be the solutions of (4.12)and (4.13) respectively. Assume that
fora1=81=2,00=62=0,d > landintegersr,s > 1,

Uel® (o, T; HY(2)N Lf,(Az; Hljé%) (AN Hd(Al))) NH2(0.T: M2, 5 00(2)).
X ok

r+1,5s+1 r,s
UOGZp’a,ﬁ (£2), UleZp’a’ﬂ(.Q).

Thenforall 0<r < T,
Eumy —U,0) <b* (MY + N2 b (M 4+ NY2(M™ + N~°)°
+ (M2N) (M + N %)),

b* being a positive constant depending on the normsof U, Up, Uy and f in the mentioned spaces.

Remark 4.1. If M = O(N), then the result in Theorem 4.3 is reducedB@iy y — U, ) <

s, U, U,

ﬁ]ll/I,N,O‘O,O,OUl’ then we can weaken the conditions Op and Uy in Theorem 4.3, and obtain
the same result.

The mixed Fourier—Jacobi approximation is also applicable to other problems. For instance,
we consider the heat transfer inside a unit disc,
oV —20,(ra, V) — 502V =F, (r.0.1)€(0,1) x[0,2m) x (0, T},
V(1,0,1)=0, @,1) €[0,2m) x [0, T}, (4.18)
V(r,8,0) = Vo(r,0), (r,0) €0,1] x [0, 2),

where all functions have the period Zor the variable. In addition, the solutiorV satisfies the
polar condition:dy V(0,0,r) = 0. Letr = l‘le, 0 =x2, x =(x1,x2), n(x)=1—x; and
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1—x1 1—x1
U(xg,x2,t)=V > X2, 1, Uo(x1,x2) =V 5 X2)

1—
fx1,x2,0) = F( le,m, t)-
Then problem (4.18) reads

o, U — 405, (03, U) — 202U =nf, (x,1) €2 x (0, T],

U(_l’ X2, t) = asz(17 X2, t) = 07 (x25 t) € AZ X [05 T]1 (419)
U(x,0) =Up(x), x € 8.

The mixed Fourier—Jacobi approximation can also be used for some exterior problems. As an
example, we consider the Laplace equation outside a unit disc,

1 142y, _
{—;8,(r8,\/')—r—289V_F, (r,0) € (1, +00) x [0, 21), (4.20)
V(@,0)=Ilim,_.r%,V,0)=0, a<2 0¢el0,2r).
Let
2 2
r= , 60 =xo, Ux1,x2)=V ,x2 ),
1-x1 1—-x1
S )= 4 F 2
X1,X2) = (1_x1)3 1_x1,.x2 .
Then (4.20) is changed into
— 0y (09, U) —ndZ,U = f, (x1.x2) € 2, 4.21)
U(=1,x2) =limy, 17?799, U(x1,x2) =0, x2€ Ag. .

Clearly we may use the Fourier—Jacobi spectral method to solve (4.19) and (4.21).

In the end of this paper, we present some numerical results. We first consider prob-
lem (4.1) withay(x) = ax(x) =1 — xf and ap(x) = 1, and take the test functiotV (x) =
arcsinxy) sin(l—loxl + 2xp). Clearly, |8,,U| — oo as |x1] — 1. We use scheme (4.7) with
aj=p=1,i=12,andy =6 =0, to solve (4.1) numerically. For description of the errors, let
A1m = {x] | 0< j < M} be the set of Gauss—Legendre nodesy = {x = % |0< j < 2N},
and

Eapupy,y)= max |Ux) —up,n(x)
XEAL M X A2 N

3

EreI(MM,N) — max M
xeAymxAzn Ux)
We plot in Fig. 1 the errors with differerf and N, which show the convergence of (4.7).

We next consider problem (4.8) and (4.9) with= % and takef in such a way that (4.12) has
the exact solutio/ (x, 1) = (1—x)” (1 +x)® exp(Z; sin(x1 + 2x2) + 75t). Its regularity depends
on the values ofs and$, essentially. We use scheme (4.13) with= 81 = 2, a2 = 2 = 0,
vw=1v = %1 andvp = 1, to solve (4.12) numerically. In actual computation, we need to
discretize (4.13) in time. To do this, letr be the mesh size in timeéR, = {r =kt | k =
12,....[L1}, and
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Fig. 1. The errors with differen? = N.

-25

log X 0(error)
w

35 20 30 40 50
M(=N)

Fig. 2. The errors with varioudf = N.

. 1
U(x,t) = E(v(x, t+1t)+vlx,t— ‘L’)),

@nv(x, 1) = t—lz(v(x, t+1)—2v(x,t)+v(x,t — r)).

To increase the stability of computation, we approximate the nonlinear term in (4.12) by

3
é(v(x, n) = %Zvj(x, t+ 1) (x,t —1).

j=0

The fully discrete scheme is

(Dectn.n (©) + Gum.n (). ¢) +a g (fnr.n (1), 8)) = (voiiaa.n (1) + £(2), ),
Vo € Vu N, 1 € Ry, (4.22)
with
up,n(0) = Py n,0,0U0, upm n(t) = Py n,0,0U0+ TPy n,00U1L

Now, let y1(x1) andy2(x2) be the same as in (4.10) with= 1. The numerical solution of the
original problem isvy, v (y1. y2. 1) = up v (5157 y2. 1). Let
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log, 0(error)
w

EreilVao gort)

855 0.2 0.4 06 0.8 1
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Fig. 3. The errors with various

s =11 =nx]) | x{ € ALm. 0<
5v = {3 =v2(x]) | x} € Aom. 0<j

Denote by Eapsvm,n,t) and Ere(vy n,t) the absolute error and the relative error of
V(y,t) — vy n(y,t) On the grid setA] ,, x A3, attimet. We plot in Fig. 2 the errors with

y =8 =10"2,7 =102 ands = 1, which show the convergence of scheme (4.22). In Fig. 3,
we plot the errors withy =8 = 102, =103 and M = N = 32 in different timer, which
demonstrate the stability of computation.
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