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Motivation

• Density Matrix Renormalization Group (DMRG):

– construct and diagonalize density matrix;

– truncate Hilbert space.

• Analytical study of density matrix

– algorithmic improvement (e.g. TMRG);

– how to build symmetries of problem into the DMRG.
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Density Matrices — General Definitions

• Equivalent description of QM atT = 0:

|ψ〉 ↔ ρ̂ = |ψ〉 〈ψ| ; 〈ψ|Â|ψ〉 = 〈Â〉 = Tr ρ̂Â, (1)

for pure states|ψ〉.

• In general, if universe is in pure state|Ψ〉, state of system is a mixed

state most conveniently described by ˆρ.

• ρ̂ obtained from density matrix of universêP = |Ψ〉 〈Ψ| as follows:

〈Â〉 = Tr ˆP Â = TrS ,E
ˆP Â = TrS

(

TrE
ˆP) Â (2)

if Â acts only on systemS . See that ˆρ = TrE
ˆP .

• Easy to generalize toT > 0.
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Density Matrices — Matrix Elements

periodic boundary condition

block environment

j =1 · · · B B + 1 · · · · · · N → ∞

|Ψ〉 =
∑

n |n〉 |en〉 ; |n〉 = |n1n2 · · · nB〉 , n j = 0, 1
|en〉 unnormalized
could dod dimensions

〈Â〉 =
∑

n,n′ 〈en|en′〉 〈n|Â|n′〉 =
∑

n,n′ 〈en|en′〉 Ann′ = Tr ρ̂Â

if ρn′n = 〈en|en′〉
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Structure of ρ̂

• Need to project|n〉 and|n′〉 to reference state|0〉 to find 〈en|en′〉.

• Define referencing operatorsKn such thatKn |n′〉 = δnn′ |0〉. E.g.

K101 = c1c2c†2c3 (3)

• Can check thatKn |Ψ〉 = |0〉 |en〉, Kn′ |Ψ〉 = |0〉 |en′〉. Thus

ρnn′ = 〈Ψ|K
†

n′Kn|Ψ〉 . (4)
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• ρ̂ real and symmetric, non-zero matrix elements of ˆρ in diagonal

blocks corresponding to differentF-particle sectors — denote by ˆρF .

ρ̂0

ρ̂1

. . .

ρ̂F

. . .

ρ̂B

0

0

1-particle sector

F-particle sector

ρ̂ = = ρ̂T
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Closed-Form Expression for ρ̂1

• 〈K†n′Kn〉 can be expressed as sum of 2n-point functionsGī1···īn j1··· jn .

• 2n-point functions Wick factorize into sums of products of 2-point

functionsGī j = 〈c
†

i c j〉 = sin(πn̄|i − j|)/π|i − j| for non-interacting

fermions. For example,

G1̄2̄3̄135= 〈c
†

1c†2c†3c1c3c5〉 = (−1)
3(3−1)

2

∣
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G1̄1 G1̄3 G1̄5

G2̄1 G2̄3 G2̄5

G3̄1 G3̄3 G3̄5

∣
∣
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∣
∣
∣
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∣
∣
∣
∣

(5)

wheren̄ is filling fraction.

• 2-point functions can be organized as aGreen function matrix G .
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GN1 GN2 · · · GNB GNB+1 · · · GNN

...
...

. . .
...

...
. . .

...

GB+11 GB+12 · · · GB+1B GB+1B+1 · · · GB+1N

GB1 GB2 · · · GBB GBB+1 · · · GBN

...
...

. . .
...

...
. . .

...

G2̄1 G2̄2 · · · G2̄B G2̄B+1 · · · G2̄N

G1̄1 G1̄2 · · · G1̄B G1̄B+1 · · · G1̄N

G =

G

︸                               ︷︷                               ︸

block
︸                     ︷︷                     ︸

environment











e
nv

ir
on

m
e

nt
bl

oc
k

8



• Inspection of index structure for matrix elements of 1-particle sector

ρ̂1 show that for system sizesB ≤ 5,

ρ̂1 = G +G2 −G Tr G +G3 −G2 Tr G − 1
2

[

Tr G2 − (Tr G)2
]

G +

G4 −G3 Tr G − 1
2

[

Tr G2 − (Tr G)2
]

G2 −
[

1
2 Tr G3 − 1

2 Tr G Tr G2
+

1
6(Tr G)3

]

G + · · · . (6)

• If we conjecture that regularity persists forB > 5, then series can be

written as

ρ̂1 = G(1 +G +G2
+ · · · ) exp

[

−Tr(G + 1
2G2
+

1
3G3
+ · · · )

]

(7)

which can be summed to

ρ̂1 = G(1 −G)−1 det(1 −G). (8)

• Proved by another method — next talk by C.L. HENLEY.

9



Numerical Checks

• Eigenvaluesw1,l of ρ̂1 andλl of G related by

w1,l = e−ϕl det(1 −G); e−ϕl = λl(1− λl)
−1 (9)

• Half-filling n̄ = 1
2, particle-hole symmetry in|Ψ〉— checked that the

correspondences

λl ↔ 1− λl,

ϕl ↔ −ϕl,

log
w1,l

det(1 −G)
↔ log

det(1 −G)
w1,l

(10)

reflect particle-hole symmetry.
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Discussions

• Next talk by C.L. HENLEY —ρ̂ completely determined by ˆρ1.

Computational requirements greatly reduced fromO(eB) to O(B2)?

• Implications for truncation — all the art in truncating the 1-particle

Hilbert space?

• Consistency amongst the truncatedF-particle Hilbert spaces?
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