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Motivation

e Density Matrix Renormalization Group (DMRG):
— construct and diagonalize density matrix;

— truncate Hilbert space.

e Analytical study of density matrix
— algorithmic improvement (e.g. TMRG);

— how to build symmetries of problem into the DMRG.



Density Matrices — General Definitions

e Equivalent description of QM &t = O:
Wy e p=wywls WA = (A) = TrpA, (1)

for pure state$)).

e In general, if universe is in pure stgte), state of system is a mixed
state most conveniently describeddy ~

e o obtained from density matrix of universe = I¥) (V| as follows:
(Ay = Tr PA = Trsg ZA = Trs (TrE 97) A (2)

if A acts only on syster8. See thap = Tre 73

e Easy to generalize td > 0.



Density Matrices — Matrix Elements

periodic boundary condition

environment

V) = 2nnylen); IN) =|mn---ng), nj=0,1
le,) unnormalized
could dod dimensions

(A) = Y (@nlen) (NAINYY = 31 (&l ) A = TrpA
If prn = (&nl€nr)



Structure of p

e Need to projecin) and|n’) to reference stat®) to find (e,|en ).

e Define referencing operatoks, such thak, [n”) = onn |0). E.Q.
K101 = C1C2ChC3 (3)
e Can check thakK, [¥) = |0) |e,), Ky |¥) = |0) ey ). Thus

o = (PIKT Kp|P) . (4)



e p real and symmetric, non-zero matrix elementg af diagonal
blocks corresponding to filerentF-particle sectors — denote .
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Closed-Form Expression for p;

(KJr Kn) can be expressed as sum affbint functionsG;

I |Jl ‘Jn-

2n-point functions Wick factorize into sums of products of @+
functionsGi; = <c;fcj> = sin(n|i — j|)/x|i — j| for non-interacting
fermions. For example,

3(@1)

Gizzi3s = (C1C3C4C1CsCs) = (-1)77 |Gy Gz Gis (5)

wheren is filling fraction.

2-point functions can be organized a&een function matrix 4.



block

environment

Gy G G| Gy Gin
Gz, G2, G| Gzpyr Gon
G§1 G§2 GEB G§B+1 U GEN
Gml sz GB+lB GB+1B+1 T GmN
Gm GNz GNB GNB+1 T GNN
block environment



e Inspection of index structure for matrix elements of 1-jgétsector
01 Show that for system sizd$< 5,

p1=G+G*-GTIG+G’-G*TrG- }|TrG* - (TrG)*|G +
G'-G*TrG - 1|TrG? - (TrG)*| G2 -
[3TrG* - I TIGTrG* + (TrG)*|G+--- . (6)

e |f we conjecture that regularity persists fBr> 5, then series can be
written as

pr=GL+G+G”+---)exp|-TrG+ 3G*+1G%+--)| (7)
which can be summed to

o1 =G(1 - G)tdet@ - G). (8)

e Proved by another method — next talk by C.L. HENLEY.



Numerical Checks

e Eigenvaluesv;; of p; andq, of G related by

wy = € det — G); e¥ = 4(1-)"1 (9)

e Half-filling n = % particle-hole symmetry i) — checked that the
correspondences

Ao 1-24,
L =@, (10)
g Wu . detd - G)
et -0 ~ 9w,

reflect particle-hole symmetry.

10



Discussions

e Nexttalk by C.L. HENLEY —p completely determined ky; .
Computational requirements greatly reduced fio@@>) to O(B?)?

e Implications for truncation — all the art in truncating thearticle
Hilbert space?

e Consistency amongst the truncategbarticle Hilbert spaces?
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